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Abstract

We presenta casestudy using the Theorema systemto explorean algorithmfor polynomial
interpolation.The emphasiof the casestudy lies on formulatingmathematicaknowledgein
one languagethatappearsn its syntaxcloseto commonmathematicalanguagebut is precise
enoughto formulate all details necessaryfor proving. Moreover, the languageallows the
computatiorof concreteexamplesithoutanyfurthertranslationinto anexecutabléanguage.
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(SFB F013) at the University of Linz and the european union "CALCULEMUS Project" (HPRN-CT-2000-00102). The
author would like to thank B.Buchberger and M.Rosenkranz for many valuable discussions during the case study that
led to this paper.

1 Introduction

Existing mathematicakoftwaresystems(e.g. MathematicaMAPLE, Gap etc.) havemadebig progres
over the pastdecadedy providing the userswith comprehensivédibrariesof sophisticatealgorithmsin
various areasof mathematicsin parallel, basicallyindependentlythe pastdecadesavealso produce:
enormousprogressin the automationof the proving activity of mathematiciansThese approache
however,haveput their emphasisnainly on proving isolatedtheoremswheresystemdike Otter, Spas:
or Vampirearerathersuccessful.

The challengefor the future is the theoreticalfoundation,the design,andimplementatiorof integral
software systemsthat guide, support,and at least partially automatethe entire processof inventing
proving, andapplyingmathematicaknowledgeusingmathematicaknowledgeandmethodlibrariesand
as a result, expandingtheselibraries by the result of this process.Recently, this integral view anc
researctprogramfor the nextgeneratiorof mathematicasoftwaresystemshasbeennamed‘Mathemati
cal KnowledgeManagemernit (MKM) in the first internationalworkshopon MKM, Sept.14-16, 2001
organizedat RISG-Linz by B. BuchbergerseelMKM 03].

Fromthevery beginningthe Theorema projectwasmeantto give alogical andsoftwaretechnologice
frame for the entire mathematicalknowledge managements an integral coherentprocesswith the
following key designobjectivesandideas:

e The threemain activities of mathematics-proving, computing,and solving—shouldall be available
in one logical and softwaretechnologicalframe. Moreover, the naturalinterplay betweenproving
computing,andsolvingshouldbe supportedy the system.
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e Domains,functorsand categoriesas a naturaland powerful structuringmechanisnfor genericbuild-
up of systematiknowledgeandmethods.

o Preferenceo specialproving, simplifying, andsolving algorithmsfor specialmathematicatheoriesas
opposedto a onemethodapproachto proving all of mathematicge.g. resolutionmethod)with the
possibility to link powerful and provenly correct algebraicalgorithms (e.g. Cylindrical Algebraic
Decompositionfor quantifier elimination, Grébner basesmethodfor systemsof algebraicequations
Risch’salgorithmfor symbolicintegration or Zeilberger'salgorithmfor sumidentities).

e High usabilityandattractivenes$or the working mathematiciarby usingvarioussoftwaretechnologi
cal advancesg.g. flexible syntax imitating the usual textbookstyle, proof presentationwith high
readabilityandpostprocessingapabilities.

e Knowledgemanagemeribolsfor the constructionmaintenanceandmodificationof largemathemat
cal knowledgebasegogetherwith systemsupportfor integraltheory exploration:failure analysisfor
proofs and conjecturegenerationbasedon failure analysis;build-up of libraries of problemtypes
knowledgetypesandalgorithmtypesandtheir systematiaisein thetheoryexplorationprocess.

In this paper,we would like to demonstratgart of the currentlyavailablefeaturesn Theorema in a cast
study, namely polynomial interpolation.In this casestudy, we show: 1) How the domainof univariats
polynomialscan be built up in genericform using the functor constructavailablein Theorema. 2) We
demonstratdnow the problemof interpolationcan be specifiedin this setting.3) How a specialsolutior
of theinterpolationproblem,namelyby the Neville algorithm,canbe formulated.4) How its correctnes
proof canbegiven.5) How the algorithmcanfinally beappliedto concretgproblems.

With this casestudy we want to demonstratehe following aspectswhich play a crucial role in ar
integralview of the mathematicaknowledgemanagemenprocessi) Problemspecification algorithmic
formulation, correctnesgroof, and computation(applicationto concreteexamples)can be donewithin
the oneanduniform logic and systemframe of Theorema. 2) The possibility for formulatingmathemat
cal knowledgeand methodsin a genericway that guaranteespplicability and re-usability in a wide
rangeof (hierarchicallybuilt-up) domains.3) Attractive choiceof syntax,which is closeto the commot
usageof notationin mathematicatextbooksandat the sametime is formally rigorousin the sensehatall
formulae (including the algorithms)are just formulae in the underlying predicatelogic. We want to
particularly emphasizethe didactic challengein this context: on the one hand, every detail must be
spelledout unambiguouslywhereaspn the otherhand,we wantto stay closeto commonuse (and ofter
ab-use)of mathematicahotationusedin mathematicalexts.

In this paper,we do not yet talk aboutpossibilitiesin Theorema for guiding and supportingthe inventior
processHowever,notefor example that proofsfor elementarypropertiesof e.g. polynomialevaluatior
which areneededor polynomialinterpolation,arenaturallysuggestedby the structureof the polynomia
domainasdefinedin the polynomialfunctor. However,we would alsolike to emphasizehat systemati
methodsfor mathematicaéxploration,in our view, arenot only a desirablegoal for completelyautomai
ing the invention procesgwhich will neverbe possibleby the inherentincompletenessf mathematic:
but are a very reasonableand worthwhile researchgoal for improving the didacticsand heuristicsof
mathematicsln concretetermsthis meanghatat certainstagesn theinventionprocessnsteadof getting
supportfrom the systemthe usermay also interactwith the systemby allowing the userto guide the
proveror suggestinghe proverthe generaktructureof analgorithm.

This casestudyis takenfrom lecturenotesusedin courseswhosegoalis to presenthe entire contentof
the first year of mathematicsstudy in an algorithmic fashion. The Theorema languageturns out to
provide a suitable frame for thesecourses,becausethe entire mathematicaknowledgeincluding all
algorithms can be formulatedin a style, which later allows proving all the propertiesin subseque!
coursesSimilar casestudieshavebeeninitiated for othertopicssuchasGaussiareliminationor Grébne!
basegheory.
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2 The Polynomial Functor

We presenta casestudy in the domainof univariate polynomialsover a field K. Polynomialscan be
definedto be infinite K-sequencesvith only finitely many nonzero elementsj.e. the (infinite) direc
sum of (infinitely many copiesof) the coefficientfield. Thus,for eachsuchsequenceheremustbe ar
index, suchthatthe sequenceonsistsof only zeroesafter this index. This is an appropriatesettingfor a
computerrepresentatiolf polynomials,sinceit allowsto naturallyrepresent polynomialby a K -tuple
of its coefficientsup to thelastnon-zeroentryin the sequence.

In the Theorema language the domainof univariatepolynomialsover a coefficientfield K can be
introducednicely by a Functor. Functorsare a well-known concept(e.g. in categorytheory) and the
hierachicalconstructionof mathematicalomainsby functorshasalreadybeenusedin ComputerAlge-
bra systemgqthe useof domainsandcategoriess oneof the distinctivedesignfeaturesof the well-knowr
AXIOM system,see [AXIOM]). The algorithmic nature of functors as introducedin the Theorema
system(see[Buchberger96a], [Buchberger96b], and [Windsteiger99]) relatesto how functors are
availablein the programmindganguageML. In generala functorallowsto constructa new domainfrom
an alreadyexisting domain.In the concretecase,we assumea domainK and constructthe domain of
polynomialsoverK, namedPoly{K], by defining the characteristigropertyfor the elementdn Poly[K]
and by defining operationsn Poly{K] basedon availableoperationsin the underlyingdomainK . Note
that we will presenthere only part of the functor, namely just those definitions that are relevantfor
further discussioron the polynomialinterpolationalgorithm presentedn Section4. The functor defini-
tion shownin Figurel mustbereadasfollows: ThedomainPoly{K] is sucha domainP, where,for any
p, g, n, &, thefollowing operationsaredefined:

* < [p] (p isanelementn P) iff p is atupleof positivelengthwith elementdromK.

e x (anewconstanx inP)is thetuple<0, 1>.
P K K

e dedp] (thedegreeof p in P) is either0 or it is suchani betweenl and|p| suchthat... . (The‘“such
P
a-quantifier” 2o is a speciallanguageconstructavailablein the Theorema language which

standsfor “suchani betweenl and|p| satisfyingthe property...”. It providesa formal frame for
giving implicit functiondefinitions)

e elc.

The constantx in the polynomial domain plays exactly the role of the “polynomial indeterminaté x
when thinking of polynomialsas “arithmeticterms’ of the form Y.;_, pi X' . In the functor notationall
function, predicate and objectconstantsarry the domain,for which they are defined,asan underscrip
€9 poiik] for subtractionin the domainof polynomialsasopposedo < for subtractionin thedomaink.

In the remainderof this paper,all text in gray boxesis Theorema input or outputasit appearsn a
Theorema sessionThe syntaxused—including all specialsymbolsandtypesettingacilities—is machine
readableandthe Theorema parsertranslatest unambiguouslynto Theorema's internalrepresentation.
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Definition["PonnomiaIDomain', any(K],
Poly{K] := Functo{P, any[p, g, n, al,

etpl & (is-tuplepl A Ipi>0 A\ v < pi)

=)
° € il (pj - 9)
dedp] :=
i i:l,,a“m ((pi * 8)/\i=i+¥“.,|p\ (Pj = 8))—1 & otherwise
Pri1 & nzO/\nsdeQ{p]
C%ef[p, nl:= P

9 < otherwise

consta] = (a)

canonigp] := <pi > ”
P i=1,...,dedp]+1
pPsq:= canponicﬁ(c%ef[p, i1  coefla, i ’ >]
i:O,A“,Maximun{dggp],dgqm]
p*q:=< coefp, j]=coefq, i —j] | >
o jzzo;f,i P X i=0,...,d§g{p]+d§g{q]

péai: <c%ef[p, i]za i:o,...|,deqpl>

evalp.al:= )  coefp,i]zd
i=0,...,dedp]

Figure 1: The functor defining the domain of univariate polynomials.

3 Problem Specification: Polynomial Interpolation

Given a polynomialp overK andtwo tuplesx anda, onemight ask,whetherp evaluategin Poly{K])
tog atx (foralli=1,...,|x), i.e. whetherp is aninterpolatingpolynomialfor x anda in Poly{K].
This considerationis natural becausethen the “polynomial function associatedwith p” would run
throughall the given points(x;, &), which is a crucial propertyfor many applicationsin mathematic
(e.g. severalmethodsfor solving equationsare basedon iteratively solving equationsfor interpolating
polynomials).In Theorema, this propertycanbe expressedsfollows:

Definition["Interpolatingpolynomial characterizatich any[p, X, a, K],

IsInterpolatingPolynomif, x, a, K] : de <|x -1 v eval[p, xi] =
polatingPolynomig, x, a ]‘:’(poﬁKJ[p]/\POM%[p]<'x' A, (evatip ) a)]]

Undercertainrestrictions—the tuplesx anda mustbe non-emptyandhaveequallengthandthe element
of x mustbe mutually distinct—it canbe shownthatfor givenx, a, andK thereexistsa uniquepolyno
mial p overK of degredessequallx| — 1 suchthatlsInterpolatingPolynomifp, x, a, K]. Of coursejt is

then desirableto comeup with an algorithm that computeghe interpolatingpolynomialfor given tuples
X, a andcoefficientfield K.
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4 Solution to the Interpolation Problem: Neville Algorithm

An ad-hoc solutionfor aninterpolationalgorithmcanimmediatelybe extractedrom the proof of unique
existenceof the interpolatingpolynomial. The proof of this fact canbe reducedo prove solvability of a
systemof linear equationswhich is always guaranteedinder the given restrictionson x anda. The
interpolatingpolynomial can then be computedby solving the linear system.However,thereare bette
algorithmsfor finding theinterpolatingpolynomial,for instancethe Neville algorithm which proceedsy
recursion overthetuplesx anda. Writtenin Theorema thealgorithmis givenasfollows:

AIgorithm["NeviIIe", any[x, a, x0, X, xn, a0, a, an K],
NevillePolynomial(x), (a), K] = cons{a]
POMK]
NevillePolynomial(x0, X, xny, (a0, a, an), K] =
((Poffm POyiK] gg)ﬂfj(xO]) Pof;[K] NevillePolynomial(x, xn), (&, an), K] POIK] ]

(Poffm BT gém(s][xn]) pol K] NevillePolynomial(x0, X), (a0, a), K]) / (xn < x0)
Poly[K]

5 Correctness of the Algorithm

The correctnessheoremfor the Neville algorithmwrittenin Theorema syntaxis asfollows:

Theorem["Neville polynomialis interpolatingpolynomial', anyfis-tuplex], a, K], with[|x| > O A |a] = [x|]
IsInterpolatingPolynomi@iNevillePolynomialx, a, K], x, a, K]]

For automaticallyproving a formulafor all tuplesx, we canusethe tuple induction prover availablein
the Theorema system.This prover implementsa specialprove techniqueavailablefor tuples, namely
Noetheriarinduction.In orderto call this prover,we issuethe Theorema command

ProvdTheoreni"Neville polynomialis interpolatingpolynomial'], using— KB, by — Tuplelnduction,

whereKB containsthe knowledgebaseof auxiliary assumptionsieededor the proof. We will referto
requiredknowledgefrom KB in the proof later. The tuple induction prover comesup with a successft
and completeproof. Due to spacelimitations, we show only the key stepsof this proof (text in boxe:
containsexplanationof the prove techniquesapplied,all the rest—including formula labels,reference:
andintermediataext—is generatedompletelyautomaticallyby the prove.

Sincex is atupleaninductionoverx is setup. Sincenothingis knownabouta andK theproverchoosea, K
arbitrarybutfixed.

Inductionbase x = (x1) for arbitrarybutfixed x1. We haveto show:

(1) |a = 1= IsInterpolatingPolynomi@iNevillePolynomial(x1), a, K], (x1), a, K],
We assume

(2 ld=1,
andshow

(3) IsInterpolatingPolynomi@iNevillePolynomial(x1), a, K], (x1), a, K].
From(2), we caninfer:

(4) a=(ab,
for somenewconstanfl.
Formula(3), using(4) and(Algorithm (Neville)), is implied by:

(5) IslnterpolatlngPonnoml{aggQa(al], (x1), (al), K],
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which, using(Definition (PolynomialDomain), is implied by:
(6) IsInterpolatingPolynomi@dal), (x1), (aly, K],
which, using(Definition (Interpolatingpolynomial:characterization)is implied by:

D @I\ deglani=ioni-1\ v (evalican. o= )

Poly(K] Poly[K]

Formula(7) cannow beeasilyverified by expandlnghe polynomialoperationglefinedin thefunctor.
InductionhypothesisWe assumdor arbitrarybutfixedn = 1

(8) \;’ (IX] = nAld = |x]) = IsInterpolatingPolynomi@iNevillePolynomialx, a, K], x, a, K],
andshow

(9) (xI=n+1A|a = |x]) = IsInterpolatingPolynomi@iNevillePolynomialx, a, K], x, a, K] .
We assume

(10) XI=n+1,

(11) 1 =Ixl,
From(10) and(11), we caninfer:

(12)  x=(x0, X, xny,

(13) a=<(a0 g, an,
for newconstantx0, xn, a0,anandnewconstansequencex anda of lengthn— 1.

Theproverguessethis particularstructurefor representinx anda from the definition of NevillePolynomial.

It remaingto show

(14)  IsInterpolatingPolynomi@iNevillePolynomial(x0, X, xn), (a0, a, an, K], (x0, X, xn), (a0, &, an, K].
Formula(14), using(Algorithm (Neville)), is implied by:

(15) IsInterpolatingPonnomi&( ns{x O]) ;{ JNevillePonnomiaﬂ(x, Xxny, (a, an, K]

Iy[K] Poly[K] PO|){1K] POE{K] !

(PoMK] POk PoMK][ n]) ol ]NeviIIePolynomiaﬂ<x0, X), (a0, a), K]) / (xn = x0),

Poly[K]
(x0, X, xn), (a0, @, an), K|

Membershign the polynomialdomainandthe degreeboundfor theinterpolatingpolynomialarenottoo difficult
to prove.For provingthe evaluatiorpropertywe needsomeauxiliary knowledgeaboutpolynomialevaluation,
suchase.g.evalp+q, a] = evalp, a] + evalq, a], which canbe provenby anotherspecialprover, which can
handleformulaecontainingthe > -quantifier.In our approactof theoryexplorationwe supposehatthis
knowledgehasalreadybeenprovenin a previousexplorationphaseandis for this proofavailablein theknowledge
baseKB. After severakimplificationswe arriveat thefollowing formulato beproved:

v al 0 0, X, |
i=1,...n+1 [( P%MK][(PDMK] PoiyiK] Pol)?KS[X ]) X XN, ]* eva [

NevillePolynomial(x, xn), (&, an, K1, (x0, X, xny;] = cons(xn]) (x0, X, Xn)i]ﬁ

K Poly[K][(Pon[K] POK] oK)

eval [NevillePolynomial(x0, X), (a0, ay, K], (x0, X, xn)i])/(xn < x0) = (a0, &, an)i}
Poly{K]
K
‘Since{xo, X, xny; (and(ag, &, an); ) canbesimplifiedin casei = 1 ori = n+ 1 acasedistinctionis now made: ‘
Casei = 1: We haveto show

(P%MKI][(%MK] poik) SO )H(S](XO]) X0 ;xéP%I\)/{aKI][NevnIIePolynomlaﬂ<X, xn), (&, an, K], x0] =

powlj[(Poly[KJ POiK] Pg)?‘?[xn]) X0 :zP%I\)/&IJ[NeV|IIeP0Iynom|aﬂ<xO, x), (a0, a), K], xO])/ (xn = x0) =
K

which, using(Definition (PolynomialDomain), is implied by:
(2 0o ((xO - XM aO) { (xn = x0) = a0.
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‘ Formula(22) canbeverified by auxiliary knowledgeon arithmeticin K. Theremainingcasegroceedanalogously

6 Application of the Algorithm to Concrete Examples

The recursiveAlgorithm["Neville"] canbe usedimmediatelyin computationsvithout any translationto
some machineexecutabldanguage.The Theorema command“Compute” can perform rewriting using
the recursivedefinition as given in Section4. Rewriting is done by the interpreterof the underlying
Mathematicasystem.In addition, it can accesssemanticsfor the algorithmic languageconstructspro-
vided by the Theorema languagg(e.g.finite tuples,quantifierswith finite rangesarithmeticon numbers
etc.), which is neededfor performing polynomial arithmetic as definedin the polynomial functor in
Section2.

Computé¢NevillePolynomial(1, 2, 3, 4, 5), (3,1, 5, 2, 6), Q],
using— (Definition["PolynomialDomairi'], Algorithm["Neville"])]

<51 1093 443 161 9>
' 12’ 8’ 12'8

This computatiortells thatthe NevillepolynomialoverQ for thetuples(l, 2, 3, 4,5) and(3, 1, 5, 2, 6)
is thepolynomlal<51 1098 4431619y which would commonlybe written asthe arithmeticterrr

51- 2B x4+ 222 %x3+—x412'8

7 Conclusion

The Theorema systemhasbeenusedin formal developmenbf part of a mathematicatheory.An entire
explorationcycle—from defining mathematicatonceptspver statingmathematicapropertiescomputer
supportedproving, until finally applyingmathematicaknowledgeto concreteobjects—hasbeencarriec
throughinsidethe system.The main objectiveof this casestudyis to showtheintegrationof proving anc
computing in combinatiorwith anattractivemathematicorientedsyntaxinsideone system
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